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中文摘要
在微波工程中, 波导和谐振腔都是十分重要的微波器件, 这些微波器件广泛地用于
我们的现实生活中. 在波导问题中, 如果电磁波的频率给定, 那么传播常数就是一个非
常重要的物理参数. 在谐振腔问题中, 谐振频率是一个十分重要的物理参数. 当波导横
截面不规则或者填充有非均匀介质时, 此时波导问题的解析解是很难找到的; 当腔体的
几何结构十分复杂或者填充有非均匀介质时, 此时谐振腔问题的谐振频率的精确解也是
很难找到的. 但是我们往往需要知道这些微波工程器件的这些物理参数, 所以通常采用
数值方法去近似求解它们. 电磁学中的波导问题和谐振腔问题大多数是关于curl-curl算
子特征值问题, 这些特征值问题统称为Maxwell特征值问题. 关于Maxwell特征值问题的
数值求解, 如果数值算法使用不当, 数值结果中会产生伪的数值特征值. 比如使用节点
基有限元去求解非均匀波导问题时, 数值结果中就会有伪特征值. 好的数值算法必须能
够去除这些所有的伪特征值, 并且计算量要尽量小, 数值结果收敛到准确解的速度要快.
本文主要讨论Maxwell特征值问题的混合有限元法, 其主要内容包括:
第一章, 我们回顾了电磁场理论, 其中包括Maxwell方程组, 本构关系, 边界条件. 然
后我们回顾了有限元技术, 同时也给出了常用的Green公式. 最后我们给出了抽象代数
中群的定义, 这是因为在波导问题那一章会用到.
第二章, 传统棱边有限元法在求解矢量Maxwell特征值问题会导致非物理意义下
零特征值出现, 我们处理这个众所周知的问题. 对于填充有各向异性无损耗介质的二
维谐振腔问题, 本章使用混合有限元法成功的去除了这些非物理意义下的零模式. 我
们引入了一个拉格朗日乘子去处理散度自由条件的限制. 我们的方法是基于CT/LN或
者LT/QN棱边基函数去展开电场矢量, 𝑃1或者𝑃2节点基函数来展开拉格朗日乘子. 数值
实验证明我们的方法能够成功的移除所有非物理意义下的非零模式和零模式, 并且验证
了当二维腔体具有连通的理想电导体边界时, 那么不存在物理意义下的零特征值. 否则,
物理零特征值的个数比不连通理想电导体边界条件少一. 数值实验也证明了当准确特征
函数的光滑性非常好时, 高阶混合有限元法能够增强数值特征值的收敛阶; 当准确特征
函数的光滑性非常不好时, 高阶混合有限元不能改善数值特征值的收敛阶, 可能需要局
部网格加密技术.
第三章, 基于抽象代数中交换群论的思想, 对于填充有均匀各向异性无损耗介
质的波导问题, 我们找到在此波导中存在独立TE模式和TM模式的充分条件. 对于独
立的TE模式, 我们从理论上证明了分别使用磁场纵向构件和电场横向构件去模拟这
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中文摘要
些TE模式所得到的非零截止波数是相同的. 对于独立的TM模式, 我们从理论上证明了
分别使用电场纵向构件和磁场横向构件去模拟这些TM模式所得到的非零截止波数也
是相同的. 我们开展了一些数值实验来验证我们建立的条件的正确性. 在微波工程界,
我们希望这个条件的提出对于填充有均匀各向异性无损耗介质的波导设计是有帮助的.
最后我们根据无源的Maxwell方程组给出了非均匀各向异性无损耗介质中波导的支配方
程, 并且我们利用混合有限元法求解了一个填充有非均匀各向同性介质的波导问题.
第四章, 我们处理三维谐振腔问题, 这个问题就是使用传统的棱边有限元法去求解
三维谐振腔问题会导致非物理意义下的零模式. 本章主要研究填充有各向异性无损耗介
质的三维谐振腔问题, 该腔体的几何结构非常复杂, 并且该腔体的边界是由理想电导体
壁组成的. 本章节中的方法能够成功消灭所有非物理意义下的非零模式和零模式. 我们
引入了一个拉格朗日乘子去处理散度自由条件的限制. 我们的方法是基于CT/LN棱边
元基函数去展开电场矢量, 线性元基函数去展开拉格朗日乘子的混合有限元法. 同时,
我们的方法被推广到使用LT/QN棱边基函数去展开电场矢量, 𝑃2节点基函数去展开拉
格朗日乘子的二阶混合有限元法. 一些数值实验验证了我们方法的有效性. 与此同时,
数值实验表明当三维腔体仅有一个连通的理想电导体边界时, 那么不存在有物理意义下
的零模式; 当三维腔体有一些不连通的理想电导体边界时, 那么物理零模式的个数比不
连通理想电导体边界的个数少一. 由于腔体问题数值求解的计算量特别大, 特别是三维
的谐振腔问题. 对于谐振腔问题的数值计算, 我们发展了一种新的二网格方案. 数值实验
证明这种新方案也能够去除所有非物理意义下的非零模式和零模式, 并且新方案能够有
效地降低计算量.
第五章, 我们列出了一些在计算电磁学中具有挑战性的问题, 其中包括带有电导率
损耗介质的三维谐振腔问题, 填充无损耗介质的开放三维谐振腔问题. 关于带有电导率
损耗介质的三维谐振腔问题, 这是一个非线性PDE特征值问题. 直到现在, 这个问题还没
有被一种好的数值方法所彻底解决. 当然, 这个新的数值方法必须去除所有非物理意义
下的非零模式和零模式. 关于填充无损耗介质的开放三维谐振腔问题, 其主要的困难在
于计算区域是无界的. 然而大多数关于PDE的数值方法是在有界区域上开展的. 我们借
助PML技术来截断无界区域. 因为在PML中的介质是带有电导率损耗的, 使用混合有限
元法去求解三维开放谐振腔问题会引入PML伪模式. 如何去除这些PML伪模式是一个
重要的问题. 最后对于无损耗各向异性介质的谐振腔问题, 我们想要研究混合有限元法
的先验误差估计.
关键词：混合有限元; Maxwell特征值问题; 波导问题; TE模式; TM模式; 谐振腔问题;
棱元; 伪模式.
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Abstract
In microwave engineering, waveguides and resonant cavities are both very important
microwave devices, and they are widely applied in our daily life. In waveguide problems,
if the frequency of electromagnetic wave is given, then propagation constant will be a
very important physical parameter. In resonant cavity problems, resonant frequency is a
very important physical parameter. When the cross section of the waveguide is irregular
or the waveguide is filled with inhomogeneous media, it is difficult to find the analytical
solution of waveguide problems; when the geometry of the cavity is very complex or the
cavity is filled with inhomogeneous media, it is also difficult to find the exact resonant
frequencies of resonant cavity problems. However, we usually need to know these funda-
mental physical parameters of the devices in microwave engineering, therefore numerical
methods are used in order to solve for them. The waveguide problem and resonant cavity
problem in electromagnetism are usually eigenvalue problems about curl-curl operators.
These eigenvalue problems are collectively known as Maxwell’s eigenvalue problems. For
numerical solvers to Maxwell’s eigenvalue problems, if the numerical algorithm is used
improperly, spurious numerical eigenvalues will be present in numerical results. For ex-
ample, employing nodal basis functions to solve an inhomogeneous waveguide problem
will lead to the presence of many spurious eigenvalues. A good numerical algorithm must
have the ability to remove all the spurious eigenvalues. The cost of such a good numerical
algorithm should be as small as possible, and numerical solutions can converge to exact
solutions as fast as possible. This thesis mainly discusses the mixed finite element method
(FEM) for Maxwell’s eigenvalue problems. The outline of this thesis is as follows:
In Chapter 1, we have reviewed electromagnetic theory, including Maxwell’s equa-
tions, constitutive relation and boundary conditions in electromagnetism. Afterwards we
have also reviewed the finite element technology, given frequently-used Green’s formulae
in FEM in the meanwhile. Finally the definition of the group in abstract algebra is given,
because this will be used in the chapter of waveguide problems.
In Chapter 2, we address the well-known problem that the conventional edge ele-
ment method in solving vector Maxwell’s eigenvalue problem will lead to the presence of
nonphysical zero eigenvalues. For a 2D cavity problem in anisotropic lossless media, this
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Abstract
chapter uses the mixed FEM to suppress the presence of these nonphysical zero eigenval-
ues successfully. We introduce a Lagrangian multiplier to deal with the constraint of the
divergence-free condition. Our method is based on employing the CT/LN or LT/QN edge
element basis functions to expand the electric field and 𝑃1 or 𝑃2 nodal basis functions
to expand the Lagrangian multiplier. Our numerical experiments show that this method
can successfully remove all nonphysical zero and nonzero modes, and verify that when the
cavity has only one connected perfect electric conductor (PEC) boundary, then there is
no physical zero eigenvalue. Otherwise, the number of physical zero eigenvalues is one less
than the number of disconnected PEC boundaries. The numerical testings also show that
when the smoothness of the exact eigenfunctions is very good, the higher-order mixed
FEM can enhance the convergence order of numerical eigenvalues; when the smoothness
of the exact eigenfunctions is very bad, the higher-order mixed FEM cannot improve con-
vergence order of numerical eigenvalues and the technology of local mesh refinement may
be needed.
In Chapter 3, based on the idea of the Abelian group theory in abstract algebra,
we find a sufficient condition of having independent TE and TM modes in a waveguide
filled with a homogenous anisotropic lossless medium. For independent TE modes, we
prove the nonzero cut-off wavenumbers obtained from the longitudinal scalar magnetic
field stimulation and transverse vector electric field stimulation are the same in theory.
For independent TM modes, we also prove the nonzero cut-off wavenumbers obtained
from the longitudinal scalar electric field stimulation and transverse vector magnetic field
stimulation are the same in theory. We have carried out several numerical experiments
to verify the correctness of the condition given by us. We hope that this condition
is helpful for the design of waveguides with a homogenous anisotropic lossless medium
in microwave engineering community. At last we give the governing equations about
waveguide problems filled with inhomogeneous anisotropic lossless media according to the
source-free Maxwell’s equations, and we make use of the mixed FEM to solve a waveguide
problem filled with inhomogeneous isotropic lossless media.
In Chapter 4, we treat the 3D resonant cavity problems that are contaminated by
nonphysical zero modes in the conventional FEM with edge elements. This chapter main-
ly investigates the cavities with anisotropic lossless media, complex geometry structure
and perfect electric conductor walls, and eliminate all the nonphysical zero and nonzero
modes successfully. We introduce a Lagrangian multiplier to deal with the constraint of
IV
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the divergence-free condition. Our method is based on the mixed FEM employing the
CT/LN edge basis functions to expand the electric field and linear element basis func-
tions to expand Lagrangian multiplier. At the same time, our method is extended to the
second-order mixed FEM where LT/QN edge basis functions are used to expand electric
field and 𝑃2 nodal basis functions to expand Lagrangian multiplier. The validity of our
method is confirmed by several numerical experiments. In the meanwhile, the numerical
experiments show that when the cavity has only one connected PEC boundary, there is
no physical zero mode; when the cavity has several disconnected PEC boundaries, then
the number of physical zero modes is equal to one less than the number of disconnected
PEC boundaries. Because of the huge computation costs of numerical solvers about cavity
problem, especially for 3D resonant cavity problem, we develop a new two-grid scheme
for the numerical computation of resonant cavity problem. Numerical testings show that
this new scheme can also remove all the nonphysical nonzero and zero modes, and reduce
computation costs efficiently.
In Chapter 5, we list some challenging problems in computation electromagnetics,
including 3D resonant cavity problem with a conducting medium, and the 3D open res-
onant cavity problem. About 3D resonant cavity problem with a conducting medium,
this is a non-linear PDE eigenvalue problem. Until now this problem has been not solved
thoroughly by a good numerical method. Of course, this new numerical method must
remove all the nonphysical nonzero and zero modes. About the 3D open resonant cavity
problem with a lossless medium, the main difficulty is that the computational domain is
unbounded. However, most numerical methods about PDE problems are carried out in
bounded domain. We truncate an unbounded domain to a bounded domain by virtue
of the PML technology. Because the media in PML are with conducting loss, using the
mixed FEM to solve 3D open cavity problem will introduce PML spurious modes. How
to remove these PML spurious modes is an important problem. Finally, we would like
to study a priori error estimate of the mixed FEM for the resonant cavity problem with
lossless anisotropic media.
Key words: mixed finite element; Maxwell’s eigenvalue problems; waveguide problems;
TE modes; TM modes; resonant cavity problems; edge elements; spurious
modes.
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